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F = Field of characteristic 0 (ex R, C),

a,B,...c¢Fand x,y,...€ A }Eir ?:ﬂ%éw(oob\e 02|

Definition of an Algebra A

A is a F-vector space with an additional distributive binary operation or
product

Ax A3 (x,y) = m(x,y)=xxy € A

» [F-vector space
ax = xa, (a+ B)x =ax+ fx, a(x+y) = ax+ ay
» distributivity
(x+y)xz=xxz+y*xz, xx(y+2z)=xxy+x%z
alxxy) = (ax)xy = x* (ay) = (xxy)a

associative algebra = (x*x y)* z = x x (y * 2),

NON associative algebra = (x * y) x z # x % (y x z) , ex. Lie Algebra
commutative algebra = x x y = y * x,

NON commutative algebra = x x y # y * x , ex. Matrices, Lie Algebra

/




Examples

Associative Algebra = (x xy) xz = x % (y * z) ]

Example
The n x n complex (or real) Matrices M,(C) (or My(RR) )

A, B, C matrices = A-(B-C)=(A-B)-C

NON Associative Algebra = (x % y) xz # x % (y % 2)

a, b, c vectorsin R’>= ax (bxc)#(axb)xc

commutative algebra = x ¥y =y #X  Nx. To covo\s 2oV )
ﬂv}.ﬂmvb.\,uv

a,beC = ab=nbha

NON commutative algebra = x * y # y * x, ex. Matrices, Lie Algebra )

A, B, C matrices = A-B#B-A J




Definition Lie Algebra

F = Field of characteristic 0 (ex R, C),

g = [F-Algebra with a product or bracket or commutator
a,3,...€Fand x, y,... €g Lo (Bnri) Metad éay®

gxg3(x,y)—[x yl€yg

Definition: Lie algebra Axioms

lax + By, 2] = alx, 2] + By, Z]
Ix, ay + Bz| = a|x, y] + B [x, Z] s umei2eH 1
(Lie-il) anti-commutativity: [x, y|=—[y, x] & [x, x| =0
(Lie-iii) Jacobi identity: [x, [y, z]] +[y, [z, x]] + [z, [x, ¥]] =0

or Leibnitz rule: [x, [y, z]] =[x, y|, z] + [y, [x, z]]/-
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Examples of Lie algebras

(i) g={X ,¥,...} real vector space R? with the commutator

o ndef . _
[X, ¥] = X x y is a Lie algebra. | AzxnTh 4

(i) A associative F- algebra ~» A a Lie algebra L(A) with commutator
A B]S AB-BA | ZWMEIZSH 2

(iii) Angular Momentum in Quantum Mechanics ATkhEN 2
auto-adjoint linear differential
Ly, Ly, L . f
1 Se s { operators on C?(R>) functions } (x.y:2)

[1=1 g_g [, — | 2_2 [~ =] g_g
L=\ 92 Z@y 2T\ T Taz) Xé‘y Y ox

g = span{ly, L, L3}

[L,’, LJ] = I_,' O Lj — [_J' O L,’
M [Lla I—2] — il-37 [L27 L3] — iLla [L37 Ll] — ILZ
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(iv) The quate=nion slacbea [(C) is an associative C-algebra with the
basis {e, /,j, k} and multiplication table:

ATKHIH 3
el 1| J | k
ellel 1 | J | k
i1 —e| k | —j
Jly|—k|—el| i
ki k| J | —I]|—e

The . quetewion algebra is a Lie algebra by introducing the
commutator: [A, B] = AB — BA, where A, B € H(C)

A= Age + AL+ Agj + Ask = Age + A- 7,
A= (Al, Ao, Ag), T= (7'1, T2, T3) = (i,j, k)

AB = (A()BQ—Z-E)E—I—(A0§—|—80Z+ZX§) T

[A,B]=2AxB-7



Definition sl(2,C) Algebra

Definition s[(2, C) Algebra
5[(2,C) = span (h, x, y)

h,x]=2x [h y]==2y [x y]=h

Examples

Ex.1: 2 x 2 matrices with trace 0

=[5 3] = [03] - [20]

Ex.2: Derivative operators acting on polynomials of order n
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(vi) A Poisson algebra is a vector space over a field F equipped with
two bilinear products, - and {, }, having the following properties:
(a) The product - forms an associative (commutative) F-algebra.
(b) The product {, }, called the Poisson bracket, forms a Lie algebra,
and so it is anti-symmetric, and obeys the Jacobi identity.
(c) The Poisson bracket acts as a derivation of the associative product -,
so that for any three elements x, y and z in the algebra, one has

xy-zb={xyt z+y-{x 2}
Example: Poisson algebra on a Poisson manifold
M is a manifold, C°°(M) the "smooth” /analytic (complex)
functions on the manifold.



